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Motility-induced phase separation (MIPS) is of great importance and has been extensively re-
searched in overdamped systems, nevertheless, what impacts inertia will bring on kinetics of MIPS
is lack of investigation. Here, we find that, not only the phase transition changes from continuous
to discontinuous, but also the formation of clusters exhibits a nucleation-like process without any
coarsening regime, different from spinodal decomposition in the overdamped case. This remarkable
kinetics stems from a competition between activity-induced accumulation of particles and inertia-
induced suppression of clustering process. More interestingly, the discontinuity of MIPS still exists
even when the ratio of particle mass to the friction coefficient reduces to be very small such as
10−4. Our findings emphasize the importance of inertia in kinetics of MIPS, and may open a new
perspective on understanding the nature of MIPS in active systems.
PACS numbers:
Active systems transducing energy into systematic
movement to drive themselves far from equilibrium[1]
have attracted tremendous interests and become one of
the hottest research topics across physical, chemical, ma-
terials and biological sciences. In comparison with their
passive counterparts, active systems exhibit many novel
nonequilibrium behaviors, such as emergence of dynamic
chirality[2–5], polar swarms[6–8], collective vortex[7–
10], and particularly motility-induced phase separation
(MIPS)[11–34]. MIPS was first introduced by Cates
et al. in systems of run-and-tumble particles[11], and
then in systems consisting of active brownian particles
(ABPs) which are purely repulsive without any attractive
interactions[12]. Generally, active particles tend to accu-
mulate where they move more slowly and will slow down
at high density for steric reasons, which then creates pos-
itive feedback leading to MIPS between dense and dilute
fluid phases[13]. In order to provide further deep insight
in the MIPS process, Hagan et al. investigated the phase
separation kinetics in overdamped ABP systems by nu-
merical simulations[12]. They found that active systems
quenched close to the binodal exhibit a nucleation-like
behavior characterized by a discontinuous transition from
a single phase to MIPS, while ones quenched more deeply
across the spinodal undergo spinodal decomposition with
a coarsening regime. In addition, Such a physical picture
was supported by various theoretical analysis of MIPS
based on the overdamped ABP model, such as the ki-
netic model[12, 15], effective Cahn-Hilliard equation[16–
19], and swim pressure[20–22].
Notice that, most of previous works were based on
the overdamped Brownian model. The overdamped ap-
proximation works well in many novel nonequilibrium
behaviors in active systems. However, this approxima-
tion has also been found to encounter several difficulties
in some applications due to inertial effects[35–48]. Es-
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pecially, inertia-induced hidden entropy production has
been revealed even in the limit of small inertia[35–37].
Besides, inertia-induced coexistence of different kinetic
temperatures has been reported when the reduced mass
measuring the impact of inertia changes from 10−1 to
10−4[38]. It is then very intriguing to understand how
inertia affects the phase separation kinetics of the well-
known MIPS.
Motivated by this, we revealed inertial effects on
kinetics of MIPS by investigating activity-dependent
steady-state local density distributions (LDDs) and time-
dependent cluster-growth kinetics (TDGK) for systems
with and without inertia. For overdamped systems un-
dergoing spinodal decomposition, the phase transition
is continuous characterized by the continuously chang-
ing peaks of steady-state LDDs and a coarsening growth
of clusters. When inertia presents, the phase transi-
tion changes to be discontinuous, where a jump of LDD
peaks is found and the formation of clusters exhibits a
nucleation-like process. The inertia-induced change of
MIPS kinetics is further validated by the enhanced dis-
continuity of steady-state LDD peaks and nucleation bar-
rier for cluster growth as inertia increases. Detailed anal-
ysis reveals that, inertia will change the movement of
active particles when they collide with each other, which
leads to inertia-induced suppression of clustering process.
The competition between activity-induced accumulation
and inertia-induced suppression eventually results in the
distinct phase separation kinetics. More interestingly,
the discontinuity of MIPS still exists even when the ratio
of particle mass to the friction coefficient reduces to be
very small such as 10−4, implying that the MIPS kinet-
ics of underdamped systems in the limit of small iner-
tia is totally different from that of overdamped systems
and some hidden information may be lost when the over-
damped approximation is applied.
We consider a quasi two-dimensional system with size
L and periodic boundary conditions consisting of N ac-
tive spherical particles with diameter σ. For the situa-
tion in absence of inertial effects, the motion of each ABP
obeys the following overdamped Langevin equations:
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dri
dt
= γv0ni −
N∑
j=1
∂U(rij)
∂ri
+ fi, (1)
γr
dφi
dt
= gi. (2)
Herein, γ is the friction coefficient, ri represents the
ith ABP’s position, rij = ri − rj , v0 and ni =
(cos(φi), sin(φi)) denote respectively the amplitude and
direction of active velocity for the ith ABP with φi
the angle of ni. The exclusive-volume effect between
a pair of ABPs is described by the WCA potential:
U(rij) = 4[(
σ
rij
)12 − ( σrij )6 + 14 ] for rij < 21/6σ, and
U = 0 otherwise, with  the interaction strength and
rij the norm of rij . fi denotes the random force sat-
isfying the fluctuation-dissipation relation 〈fi(t)fj(t′)〉 =
2kBT/γδijδ(t − t′), where kBT is an effective thermal
energy quantifying the noise strength. In the rotational
equation (Eqs. (2)), γr = σ
2γ/3 is the rotational fric-
tion coefficient, gi is the rotational fluctuation satisfying
〈gi(t)gj(t′)〉 = 2kBT/γrδijδ(t− t′).
When inertia is taken into account, the motion of each
active inertial particle (AIP) can be described as the fol-
lowing underdamped Langevin equations:
M
d2ri
dt2
+ γ
dri
dt
= f0ni −
N∑
j=1
∂U(rij)
∂ri
+ fi, (3)
J
d2φi
dt2
+ γr
dφi
dt
= gi. (4)
Herein, M is the mass of AIPs, J = σ2M/10 denotes
the moment of inertia, and f0 represents active force of
each AIP. In the limit of M → 0, these underdamped
equations recover to the overdamped ones Eqs.(1) and
(2).
In simulations, parameters are dimensionless by σ, γ
and kBT , so that the basic unit for time is γσ
2/(kBT ).
We fix M = 0.015, L = 200, N = 30720,  = kBT , if not
otherwise stated. Thereby the averaged number density
of each system is ρ0 = N/L
2 = 0.768. For consistency, all
of the following results are obtained from simulations of
2× 107 steps with the time step ∆t = 10−5 and random
initial conditions. According to that in literature, the
criterion of MIPS is the steady-state LDD changes from
an unimodal distribution (corresponding to a single phase
with one dominant density) to a bimodal one (indicating
the coexistence of two phases with two different dominant
densities)[12, 40].
Firstly, we focus on the steady-state LDDs of MIPS
in ABP or AIP systems for varying activity. For the
ABP system, it is observed that the steady-state LDD
changes from unimodal to binodal when activity in-
creases across a threshold v∗0 around v0 = 30 as shown in
Fig. 1 (a), in alignment with MIPS reported in previous
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FIG. 1: Steady-state LDDs for various activities in (a) the
ABP system, and (b) the AIP system. The dashed lines are
unimodal (non-MIPS) and solid ones are bimodal (MIPS).
Steady-state LDDs near the transition threshold are zoomed-
in for (c) the ABP system and (d) the AIP system. Depen-
dence of ρpeak (position of the steady-state LDD peak) as
functions of activities for (e) the ABP system, and (f) the
AIP system. The dashed lines denote the averaged number
density ρ = ρ0.
literature[12, 13]. For the AIP system, the steady-state
LDD also changes from unimodal to binodal as activity
increases across a threshold f∗0 around f0 = 150, but
it will go back to be unimodal again when activity fur-
ther increases much larger such as f0 > 400 as shown in
Fig. 1 (b), indicating that the AIP system influenced by
inertia reenters into a single phase, which has also been
observed by Lo¨wen et al.[38]. To take a closer look at
the phase separation kinetics, steady-state LDDs around
the threshold are then plotted in Fig. 1 (c) and (d). In
the ABP system (Fig. 1 (c)), position of the steady-state
LDD peak keeps almost unchanged before the thresh-
old v∗0 = 28, while the peak divides into two peaks with
almost the same shape just after the threshold. Inter-
estingly, a brand new type of activity-dependent steady-
state LDD transition is found in the AIP system. As
shown in Fig. 1 (d), position of the steady-state LDD
peak shifts to low densities before the threshold, and the
peak of the dense phase arises at a rather higher density
in comparison with the one in the ABP system after the
threshold. Taking f0 = 135 as an example, an obvious
shoulder can be found near ρ = 1.25 in Fig. 1 (d), ready
to form a peak at high density.
To quantitatively describe the phase separation kinet-
ics, we plot dependence of ρpeak (position of the steady-
state LDD peak) as functions of activity for ABPs and
AIPs in Fig. 1 (e) and (f), respectively. In the ABP
3system (Fig. 1 (e)), ρpeak divides into two parts contin-
uously after v0 >= v
∗
0 , indicating that MIPS occurs via
spinodal decomposition in the overdamped case, which is
in consistence with that reported previously[12, 13, 16].
In contrast, for the AIP system (Fig. 1 (f)), ρpeak of the
high density phase appears discontinuously with a sharp
jump (f0 = 150 in Fig. 1 (f)), representing that MIPS is
nucleation-like. In short, inertia can strongly affect the
nature of MIPS by changing the transition from contin-
uous to discontinuous.
In order to figure out the underlying mechanism for in-
ertial effects on phase separation kinetics, we plot cluster
size distributions (CSDs) for varying activities in ABP
and AIP systems in Fig. 2 (a) and (b), respectively.
Here, P (Ncl) for the cluster of size Ncl is rescaled by
P (N1)[15, 30]. It can be observed that CSD changes
first from exponential to power-law then to bimodal as
activity increases in both ABP and AIP systems. How-
ever, the power-law distributions near transition thresh-
olds seem to be different for these two systems. In order
to be comparable for CSDs of ABP and AIP systems,
we define Ra = (f
se
0 − f∗0 )/f∗0 = (vse0 − v∗0)/v∗0 to mea-
sure the distance of the present activities to transition
thresholds. CSDs for Ra = −0.1 just before the thresh-
old (i.e., v0 = 25 and f0 = 135) are presented in Fig. 2
(c). Interestingly, CSD is power-law with an exponential
tail for the ABP system, while power-law with a small
peak arising at large Ncl for the AIP system. This small
peak represents that a loosened cluster with relatively
large size appears, which can be demonstrated by the
snapshot for the AIP system with f0 = 135 as plotted
in Fig. 2 (d). It is noted that the steady-state LDD for
f0 = 135 still keeps unimodal with a shoulder at large
density as shown in Fig. 1(d). The delayed separation of
density relative to separation of cluster size thus leads to
the inertia-induced discontinuous transition observed in
Fig. 1.
The delayed separation can be related to inertial effects
similar to that reported by Lo¨wen et al.[39]. As sketched
in Fig. 2 (e), when two ABPs collide head-on with each
other, they will stop and wait until their propulsion di-
rections separated from each other, leading to a released
time 1/Dr with Dr the rotational diffusion coefficient. If
other particles approach the particle pair within such a
released time, the pair will be surrounded by more par-
ticles, leading to accumulation of particles to form clus-
ters, further resulting in MIPS[13, 39]. However, when
two AIPs collide, they will bounce back directly without
any released time due to inertia-induced elastic collision
(Fig. 2 (f)). This elastic collision induced by inertia will
increase the averaged distance among AIPs in clusters,
leading to a lower cluster density in comparison with that
when inertia is absent. In general, activity will induce ac-
cumulation of particles to form clusters, while inertia sup-
presses the clustering process. The competition between
these two factors then results in the distinct kinetics of
MIPS in the AIP system.
Such a mechanism can further be verified by time-
dependent cluster-growth kinetics (TDGK) for ABP and
AIP systems. It is known that, in the ABP system, only
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FIG. 2: The mechanism for the inertia-influenced phase sep-
aration kinetics. CSDs on varying activities for (a) the
ABP system, and (b) the AIP system. (c) A comparison of
CSDs between ABP and AIP systems with the same distance
Ra = −0.1 to the transition threshold. (d) A snapshot for
the steady-state AIP system at f0 = 135 just before the tran-
sition threshold. The biggest loosened cluster is highlighted
by red, in relative to the densely packed cluster at f0 = 200
after the transition threshold in the inset. Sketches of colli-
sion events (e) without or (f) with inertial effects. Light or
dark balls represent active particles before or after collisions,
respectively. Red arrows are directions of active forces and
the blue ones denote particle trajectories.
the activity-induced accumulation of particles works,
leading to a TDGK of spinodal-decomposition type with
a fast growth of small clusters at early stage and a slow
cluster-coarsening process later[12, 23]. It is expected
that TDGK should be different when inertia-induced sup-
pression of clustering process takes place. In Fig. 3 (a)
and (b), time-dependent LDDs in ABP and AIP sys-
tems for Ra = 0.33 are plotted, respectively. Similar to
steady-state LDDs, time-dependent LDDs change from
unimodal to bimodal continuously for the ABP system,
while a discontinuous jump occurs at a separation time
(tsp) for the AIP system. In Fig. 3 (c) and (d), time
evolution of the ensemble-averaged largest cluster size
〈Nmax〉 normalised by the total particle number N for
ABP and AIP systems are plotted, respectively. For the
ABP system (Fig. 3 (c)), the function of 〈Nmax〉/N on
t in the double logarithmic coordinate shows two differ-
ent slopes, i.e., around 0.8 at the early stage and about
0.4 later, in accordance with the aforementioned TDGK
for the ABP system. For the AIP system, the function
of 〈Nmax〉/N on t in the double logarithmic coordinate
can also be divided into two part as shown in Fig. 3 (d).
Different from the ABP system, the slope is smaller than
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FIG. 3: Time-dependent LDDs in t-ρ plane located in MIPS
regions for (a) the ABP system (v0 = 37, Ra = 0.33), and (b)
the AIP system (f0 = 200, Ra = 0.33). A discontinuous jump
appearing at the separation time (tsp) can be observed in the
AIP system. Dependence of the ensemble-averaged largest
cluster size on time for (c) the ABP system and (d) the AIP
system. Time series of ten largest clusters for (e) the ABP
system (v0 = 37), and (f) the AIP system (f0 = 200).
0.4 at the early stage and reaches about 0.8 later, indi-
cating that TDGK influenced by inertia is nucleation-like
with a slow nucleation process firstly followed by a fast
cluster-growth.
Such a growth kinetics can further be supported by
time-dependent pathways of cluster growth. Time series
of the ten largest clusters in ABP and AIP systems for
Ra = 0.33 are presented in Fig. 3 (e) and (f), respec-
tively. It is observed that cluster sizes change frequently
by sharp jumps in the ABP system (Fig. 3 (e)), indicating
that TDGK is of cluster-coarsening type. In the AIP sys-
tem, however, change of cluster sizes is more continuous,
implying that TDGK is of a cluster-growth type(Fig. 3
(f)). Movies S1 and S2 for the different growth processes
can be found in supplemental materials. In short, inertia
can also affect the nature of MIPS by changing the time-
dependent cluster-growth kinetics from typical spinodal
decomposition to a nucleation-like type.
Furthermore, we want to know how the revealed
change of phase separation kinetics depends on differ-
ent inertia. Intensive simulations for AIPs with different
particle mass M are performed. For steady-state LDDs,
dependence of ρpeak as functions of f0 for varying M is
plotted in Fig. 4 (a). The discontinuous transition can al-
ways be observed as M increases, until M is large enough
such as M = 0.2 where no MIPS occurs as reported by
Lo¨wen et al.[38]. Size of the discontinuous jump ∆ρ∗
measured by the difference between ρpeaks of the dense
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FIG. 4: Phase separation kinetics influenced by different in-
ertia. (a) Dependence of ρpeak as functions of f0 in the AIP
system for varying M . The inset is dependence of the discon-
tinuous jump size ∆ρ∗ as a function of M . (b) Dependence of
the ensemble-averaged separation time 〈tsp〉 as functions of f0
in the AIP system for varying M . Curves are the exponential
fitting for each group of data. The inset is dependence of the
exponent R0 as a function of M .
and dilute phases for different M is plotted in the inset
of Fig. 4 (a). Clearly, larger inertia will lead to larger
∆ρ∗. Ensemble-averaged separation time 〈tsp〉 for the
time-dependent cluster-growth kinetics in the AIP sys-
tem with different M is shown in Fig. 4 (b). It is observed
that 〈tsp〉 exponentially decreases as activity f0 increases,
demonstrating again that the formation of clusters with
inertial effects is a nucleation-like process. As presented
in the inset of Fig. 4 (b), the absolute value of the expo-
nent R0 which can be related to the nucleation barrier
gets larger with the increase of M , indicating that larger
inertia will increase the nucleation barrier, further lead-
ing to a stronger suppression of MIPS. More interestingly,
both the discontinuous jump and the nucleation barrier
can still be observed for M/γ = 10−4, and tends to keep
even for M/γ → 0, implying that the MIPS kinetics of
underdamped systems in the limit of small inertia is to-
tally different from that of overdamped systems.
In summary, inertial effects on kinetics of motility-
induced phase separation have been investigated. Be-
sides activity-induced accumulation of particles, inertia-
5induced suppression of clustering process was found when
inertia presents. The competition between these two fac-
tors affects strongly the nature of MIPS by changing the
transition from continuous to discontinuous and changing
the time-dependent cluster-growth kinetics from typical
spinodal decomposition to a nucleation-like type. Such
effects can be observed even when the ratio of particle
mass to the friction coefficient reduces to 10−4, imply-
ing that the MIPS kinetics of underdamped systems in
the limit of small inertia is totally different from that of
overdamped systems and some hidden information may
be lost when the overdamped approximation is applied.
Our findings emphasize the importance of inertia in ki-
netics of MIPS, and may open a new perspective on un-
derstanding the nature of MIPS in active systems.
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